FRACTURE WITH HEALING: A FIRST STEP TOWARDS A NEW VIEW OF
CAVITATION
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ABsTRACT. Recent experimental evidence on rubber has revealed that the internal cracks
that arise out of the process often referred to as cavitation can actually heal.

In this contribution we demonstrate that crack healing can be incorporated into the
variational framework for quasi-static brittle fracture evolution that has been developed
in the last twenty years. This will be achieved for two-dimensional linearized elasticity
in a topological setting, that is when the putative cracks are closed sets with a preset
maximum number of connected components.

Other important features of cavitation in rubber such as near incompressibility and
the evolution of the fracture toughness as a function of the cumulative history of fracture
and healing have yet to be addressed even in the proposed topological setting.
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Keywords : minimizing evolutions, fracture, free discontinuity problems

1. INTRODUCTION

1.1. A simplistic model for cavitation. Ever since the 1930’s, ample experimental evidence
points to the specificity of the initiation and propagation of fracture in rubber, or more generally
in soft organic solids (see e.g. [7, 16, 17]). While metals, ceramics, and, more generally, crystalline
and glassy solids show well defined crack patterns when subject to extreme loading processes,
fracture in rubber tends to initiate through the growth of microscopic defects arising in regions
under sufficiently high hydrostatic stress. Because of its fluidic elder counterpart, the phenomenon
has become known as cavitation.

It was initially thought that cavitation could be explained on pure elastic ground. In the
mechanical universe, the most notorious proponents of elastic cavitation were undoubtedly A.N.
GENT & P.B. LINDLEY [16]. In their footstep, J.M. BALL pioneered the first mathematical
translation of that idea [4]. There he posited that hyperelasticity can, in and of itself create
cavities through solutions of the type z/|z| that are good Sobolev functions, provided that the
growth at infinity of the elastic energy be subcritical, that is less than the spatial dimension. In
a more classical framework an equivalent viewpoint posits incipient point defects that balloon up
to cavities. This insight generated a slew of mathematical studies that did show promise.

However, the spectacle of cavitation as a purely elastic phenomenon is in our opinion unrealistic.
On pure theoretical grounds, it strikes us as somewhat peculiar that an innate sense of self would
raise material awareness of its energetic elastic health under very large stretches, a prerequisite
for any cogent statement of its growth. On more practical grounds, it was recently shown in
[22] that, in the classical poker-chip experiments of Gent and Lindley as well as for a different
experiment that uses a rubber reinforced by filler particles [26]', a mere accounting of the elastic
properties of the solids, while leading to a superficially adequate qualitative agreement with a
number of experimental observations, fails to provide a complete qualitative and, most importantly
quantitative rendering of the evolution.

Our guiding principle is therefore that elasticity alone cannot account for the full complexity
of the phenomenon of cavitation in rubber. From a macroscopic point of view, one should at the
least introduce new internal surfaces within the solid to adequately describe the actual microscopic

LWe refer to that experiment as the filler particle experiment.
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mechanisms behind fracture, be it the spatial rearrangement of the underlying macromolecules, or
the breakage of chemical bonds. Such a viewpoint would seem to promote a fracture type model
in the vein of those adopted for brittle solids, albeit in the context of finite elasticity (see e.g. [10])
and with the additional accounting of near or full incompressibility.?

Incompressibility notwithstanding, a refined fracture model was recently advocated in various
mathematical works of D. HENAO & C. MORA-CORRAL [19, 25]. There, a surface energy pro-
portional to the perimeter of the cavities in the deformed configuration is considered, in the spirit
of surface tension. It is then added to the elastic energy and subsequently viewed, at least in [25],
as a conservative contribution. Adopting for a moment a common terminology in the mechanics
community,® the only source of dissipation is born out of the irreversible creation of a countable
number of point discontinuities that will grow into cavities.

The idea of endowing created surfaces with an energy is original and potentially fruitful. This
refined viewpoint — or even a classical fracture viewpoint for that matter — may provide a good
fit for some of the poker-chip experiments. But both will most likely become exercises in Alt-
Reality when it comes to the filler particle experiments. Recent such experiments, carried out at
high spatio-temporal resolution in [26], showed that some of the created cavities actually vanish
during the loading process while others migrate away from the particles. Traditional or revamped
theories of fracture do not sustain disappearance, or migration and, while arguably predicting the
final location of the cavities, completely fail in their depiction of the path that would lead to the
final migrated state.

The full picture of the filler particle experiment is actually more intricate. The experiments
in [26] have also shown that the regions of the rubber that experience healing appear to acquire
different fracture properties from those of the original rubber, thereby hinting at an evolution of
the underlying molecular rearrangement and/or chemical bonding due to the healing process.

A full account of such observations is not our purpose at this point. It would certainly involve
a healing process, together with a hardening or softening process in the fracture toughness, if such
a notion is sensical. Further, near or full incompressibility would certainly be a major partner,
although its role has yet to be scripted.

Rather we propose in this contribution to focus solely on healing. The above quoted experiment
notwithstanding, there is ample independent evidence that healing does take place in soft organic
solids; see e.g. [23, 5, 9]. Now of course, as far as rubber is concerned, healing and near incom-
pressibility should not be viewed as independent agents. We will woefully ignore their relationship
in the following study. Mathematical impotence, rather than spite, motivates our choice.

So, as an admittedly childish first step, we propose to incorporate healing in the A. A. GRIF-
FITH’s theory of fracture [18] (suitably re-engineered through a variational lens [15, 6]) for two-
dimensional linear elasticity. At first glance such a task would seem simple enough, at least from
a modeling standpoint and provided that one is willing to view the healing process as rate inde-
pendent, which is most likely not so.* The naive recipe would be to dissipate some amount of
surface energy for crack repair. In other words one would pay, say ¢; x length of I'\ K, ¢; > 0,
for changing the crack K to a different crack I" and would also pay ¢3 x length of K\ I', ¢5 > 0,
for repairing some of K with I.

Such petulance must be tempered with the recognition that doing so would result in a model
for which healing would never take place because a healed part of the crack would increase the
elastic energy while dissipating some surface energy through healing. Thus the healing process,

2The addition of an incompressibility constraint is a huge mathematical hurdle from the standpoint
of the variational theory of (brittle) fracture and the reader should be alerted to the absence of any
mathematically significant result that encompasses both incompressibility and fracture.

3While a prevailing one, the postulate that fracture, or cavitation, should be described in terms of
entropy production due to some kind of dissipation is just that (see a contrario [20]) and our casting of
the cavitation model in those terms is mere abidance by the majority view.

4Rearranging the molecular structure of the rubber and/or forming new chemical bonds are in all
likelihood viscosity driven processes that will shatter rate independence while potentially still variationally
tractable; see the recent approach of viscoplasticity using energy-dissipation-balance solutions [24]. As for
the problem at hand, the precise nature of viscosity is very unclear as of yet.
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if rate independent and proportional to the length of the healed part must actually decrease the
dissipated energy. A formal account will be given at the onset of Section 2.

For now, just think of a pre-set connected crack path I" in a domain {2 and of a connected crack
I'(£) of length ¢ starting from a set point — say the origin — along I' (which should also contain
the origin). Denote by W(¥) the potential energy associated to the elastic equilibrium of 2\ I"(¢)
— the un-cracked part of the domain — under the current loading at time ¢. Then we impose fealty
of the dual fracture/healing process to that of Griffith’s fracture [18].

It is thus assumed that the energy dissipated through any putative advancement of the crack is
proportional to the add-crack length with ¢; as fracture toughness; similarly that gained through
healing is proportional to the subtract-crack length with ¢ as healing toughness. Of course ¢; > ¢
so that there indeed be a net dissipation.

To determine £(t) a two-pronged formulation is espoused.

e First, a stability criterion a la Griffith is imposed: the energy release rate must satisfy

ow
2 £ = () < e

e Then the crack cannot extend unless the second inequality is an equality while it cannot
shrink unless the first one is an equality.

Further, because irreversibility is de facto abandoned, there is no impediment to surface energy
contributing to internal energy as well. In the above cartoon picture of the evolution, this amounts
to adding a term like ¢/, ¢ > 0, to the elastic energy W(¥).

Sections 2-4 investigate the setting of anti-plane shear linear elasticity which is undoubtedly the
simplest available framework for fracture evolution. The resulting model is presented in Section
2 in its variational reformulation. Section 3 is devoted to the proof of a stability result which
is essential in the success of the limit process when passing from a time-incremental to a time-
continuous formulation. Section 4 establishes the existence result for an evolution where both
cracking and healing are allowed. In Section 5 we generalize the results of Section 4 to the setting
of planar elasticity (plane strain or plane stress) in the footstep of similar work on the fracture
only case [8].

From a mathematical standpoint, the first existence results for the variational theory of fracture
were obtained in [11] in the anti-plane shear case under the topological restriction that the cracks
should have no more than m connected components, m being a pre-set connectivity threshold.
This restriction was subsequently alleviated in [14]. The present study unfortunately forces us
to return to the topological setting of [11], mainly because we do not know how to prove energy
conservation in the fully “variational” framework, that is with no restriction on the topology of
the cracks (see in particular Remark 1.5 below).

There is by now a vast literature on various aspects of the variational theory of fracture. We
trust that the potential readership for this work is well versed in the main tenet of that theory
and consequently refrain from any detailed explanation of the expounded formulation. We refer
the newcomers to [6] for an exposition of that theory and in particular to [6, Chapter 2] where
the link between the variational theory and a formulation of the above two-pronged formulation
is unraveled.

At the close of this introduction, we see it fit to put forth the following disclaimer: The model
that is advocated below is not meant to be viewed as the final adjudication of cavitation. In
view of recent experimental evidence, we merely assert that fracture and healing are essential
partners in the cavitation process. We then proceed to incorporate healing into the variational
theory of fracture in the mathematically simplest possible manner. Doing so at this time does not
preclude subsequent refinements or modifications of the model. Reference [21] presents a much
more intricate phase field model that strives to account for both incompressibility and hardening
on top of healing.

But it would be presumptuous on our part to pretend that we know how to address the math-
ematical hurdles that would accompany a rigorous analysis of more complex cavitation models
such as that offered in [21]. So, from a mathematical standpoint, the analysis below is the sum
total of what lies within our reach for now.
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Notation. Given x € R?, r > 0 and v € R?, Q,(z,7) C R? denotes the square of center x with
one side orthogonal to v and length . When v is vertical, we will write simply Q(x,r). B(z,r)
will denote the disk of center x and radius r.

Given two sets A, B C R?, AAB denotes their symmetric difference, while A CC B will mean
ACB.

In all that follows M2 __ and M2 . denotes the family of symmetric and antisymmetric 2 x 2-

sym skew
matrices, respectively wﬁile ES(ngm) stands for the space of symmetric endomorphisms of ngm.
For any mapping u : R? — R? e(u) denotes the symmetrized gradient of u, that is e(u) :=
1/2(Vu + Vul).
Also, for any open set A, ZP(A) :={u € L}, .(A;R?) : e(u) € L*(A;MZ,,,,)}.
Finally, we use standard notation for Sobolev spaces and for Hausdorff measures, specifically

denoting by || || the L2-norm and by || ||sc the L>-norm. Also, for X Banach space, we denote by
AC([0,T7; X) the space of X-valued absolutely continuous functions.

1.2. Mathematical preliminaries - Hausdorff convergence of compact sets. In the sequel,
Hausdorff convergence will play an essential role. For the reader’s convenience, we recall a few
properties that will be used throughout.

The family K(RY) of closed sets in RY can be endowed with the Hausdorff metric dyy defined
by

dp (K, Ks) := max{ sup dist(z, K3), sup dist(y,Kl)}
ze Ky yeKo

with the conventions dist(z,?) = 400 and sup® = 0, so that dy(},K) = 0 if K = @ and
dH(@,K) = 400 if K # (.
The Hausdorff metric has good compactness properties (see [3, Theorem 4.4.15]).

Proposition 1.1 (Compactness). Let (K, )nen be a sequence of compact sets contained in a
fized compact set of RN . Then there exists a compact set K C RN such that up to a subsequence

K,—> K in the Hausdorff metric.

We will repeatedly make use of the following property due to Golab; for the proof we refer the
reader to [13, Theorem 3.18] or [3, Theorem 4.4.17].

Theorem 1.2 (Golab). Let (K, )nen be a sequence of compact connected sets in RN such that
K,— K in the Hausdorff metric.
Then K is connected and for every open set A C RN
HYK N A) < liminf #H'(K, N A).
n—oo
Remark 1.3. The lower semicontinuity of Gotab’s Theorem still holds when K,, has a uniformly
bounded number of connected components.

Lemma 1.4. Let (Kp)nen and (Hp)nen be two sequences of compact sets in RY, each with a
uniformly bounded number of connected components. Assume that

K,—> K and H,—H in the Hausdorff metric.
Then, for any open set A C RN,
(1.1) HU((K\ H) N A) < liminf H' (K, \ Ha) 0 A).
Proof. Let V. C R¥ be an open neighborhood of H. For n large enough we have H,, C V, so that
by Gotab’s Theorem
HU((K\V)NA) < hn}linml((Kn \V)nA) < limnianl((Kn \ H,) N A).

Since V is arbitrary, the conclusion follows. O
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Remark 1.5. The topological setting for the cracks adopted in the paper, i.e., cracks which are
closed and with a preset number of connected components, is motivated precisely by Lemma 1.4.
A larger class of admissible cracks, as that adopted in [10] where cracks are just rectifiable, requires
suitable convergences of variational type, under which inequality (1.1) is known to fail. But that
inequality is in particular an essential ingredient in the proof of the energy inequality (4.19) below
to the extent that it establishes that (4.16) holds true.

A simple example for which inequality (1.1) is violated under the variational convergences of
[10] is the following: Let K be a segment of unit length, and let H,, be the dotted segment of
length 1/2 obtained from K by dividing it into 2" equal parts and retaining only every other
sub-segment. It is easily proved that H,, — () in the variational sense (see [10, Section 4.1]), so
that choosing K,, = K,

HY (K\H)=H'(K)=1  while 'wug\agzé

2. SETTING OF THE PROBLEM

The reference configuration is an open bounded set {2 C R? with Lipschitz boundary.

Admissible cracks. Let m € N with m > 1 be given. The class of admissible cracks is given by

(2.1) K (92):={K c 2 : K is compact, with at most m connected components
and H'(K) < 400}

Admissible configurations. Let dpf2 C 0f2 be open in the relative topology. The class of
admissible boundary displacements g is given by the space H*(£2) N L>°(£2). We say that the pair
(u, K) is an admissible configuration of our system for g

K e Kl ()
and
ue H (2\K) with u=gondpR\ K.
We will write (u, K) € A(g). Note that the pair (Vu, u) can be thought as an element of L?(£2; R3)

since K has null Lebesgue measure.
The following compactness result will be used several times.

Lemma 2.1. Let g,,g € H'(£2) be such that
gn — g strongly in H'(£2).
Assume that (un, K,) € A(gyn) with
(Vup, uy) = (P,u) weakly in L*(12;R?),

and
K,— K in the Hausdorff metric.

Then (u, K) € A(g), and ® = Vu on 2\ K.
Proof. Let ¢ € C°(2\ K). Then, for n large,
p e CX(N2\ Ky).
We can thus write, for ¢ = 1, 2,
/ D;pdr = lim Oiuppdr = —lim upO;pdr = —/ ul;pdx.
2\K " JO\K, " JO\K, 2\K
We deduce that u € H1(2\ K) with Vu = ®. Let us check that (u, K) € A(g). Lest the result

be trivial, it is not restrictive to assume that

ap2\ K # 0.



6 G. FRANCFORT, A. GTACOMINI, AND O. LOPEZ-PAMIES

Since dp{?2 is open in the relative topology, for every zo € dpf2 \ K we can find an open neigh-
borhood U C R? of xq such that dist(U, K) > 0 and U N §2 has a Lipschitz boundary in U given
by dp2NU. Since K,, NU = () for n large, we infer that u,, € H' (2N U) with

Up — U weakly in H (2N U),
sou=gondp2NU. (]

Remark 2.2. The choice of H!(£2)NL>(£2) as the class of admissible displacements allows one to
work in H'(£2\ K) when dealing with the variational constructions of Section 4. Without an L>-
bound, the arguments can be adapted provided that we choose the displacements in L1'2(2\ K),
a Deny-Lions type space [12]. Such will not be the case in Section 5 below (see Remark 5.5).

Energies. We associate to an admissible configuration (u, K) the elastic energy
HVMF:i/\VuPdw
0

Here Vu is viewed as an element of L?(£2;RR?).
Assume that the system goes from the configuration (u, K) to the configuration (v, I"). Then
I'\ K is the add-crack,
K\ T is the healed zone.

We assume the energy dissipated through such a process is
aMp(I'\ K) — eaHp(K\ 1),
with ¢q,c0 > 0.

In the expression above and throughout the rest of the paper H%) stands for H!| ous,, - This is
so because no energy should be dissipated for the part of the crack that lies on the free boundary
0N\ dpL2.

Summing up, the passage from (u, K) to (v, I") involves a change in energy of the form

{190l = [Vul} + erHb (P\ ) = exHb (K \ 1)},
Notice that the expression can be rewritten in the form
E(,I) — E(u, K) + (¢1 — e2)HH (I \ K),

where
(2.2) E(,T) := ||Vo||* + coH (D).
Indeed,
Hp(K\T') =Hp(K) = Hp(KNT) =Hp(K) — (Hp(I') = Hp(I'\ K))
so that

AMHp(I\ K) — coHL(K\T) = co(Hp(I') — HH(K)) + (c1 — ) Hp (I \ K).
In view of this new expression, we will assume that
(23) c1 > co > 0.

See Remark 2.4 below for the case ¢; = cs.

Quasi-static evolutions. Let T' > 0 and
g€ AC([0,T]; H'(2)), g9t < C,t €0, T]

be a given time dependent boundary displacement.
Given t — K(t) € K/, (22) we set, for t < T,

Diss(t) := (¢1 — ¢c2) sup {XR:HE(K(&H) \NEK(8:) : 0=80<8$1 < - < 8pp1 = t} .
i=0

The definition of a quasi-static evolution is the following.
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Definition 2.3 (Quasi-static evolution). We say that {t — (u(t), K(t)) € A(g(t)),t € [0,T]}
is a quasi-static evolution provided that for every t € [0,T] the following items hold true.

(a) GLOBAL STABILITY. For every (v,I") € A(g(t))
(2.4) E(u(t), K(t)) < E(v, 1) + (1 — e2)Hp(I'\ K (1)),

where & is defined in (2.2).
(b) ENERGY BALANCE. We have

E(u(t), K(t)) + Diss(t) = £(u(0), K(0)) + 2/0 /n Vu(r) - Vg(r) dz dr.

Remark 2.4. In the spirit of our introductory remarks, we could modify the definition of £ in (2.2)
through addition of a term of the form ¢H},(I") with ¢ > 0, that is a stored surface energy term.
The analysis performed in the rest of the paper and Theorems 4.1, 5.4 would remain unchanged
in this enlarged setting.

If, in lieu of (2.3), ¢1 = c¢g, the quasi-static evolution is conservative and consists in a time-
parametrized set of independent minimization problems: the term (¢; —co)H}, (I'\ K (¢)) disappears
in the Global Stability statement while Diss(t) disappears in the Energy balance statement of
Definition 2.3. The existence proofs leading to Theorems 4.1, 5.4 become straightforward.

3. STABILITY OF THE GLOBAL MINIMALITY PROPERTY

A crucial step in the proof of the existence of a quasi-static evolution concerns the stability
of the global minimality property (2.4) under Hausdorff convergence for the cracks. The proof is
based on a topological version of the jump transfer construction in [14]. Similar ideas have been
put forth in [1] in the case of the fracture problem for a flexural linear plate.

Theorem 3.1 (Stability of the global minimality property). Let ¢, be fized positive con-
stants. Let g,,g € H'(§2) be such that
gn — ¢ strongly in H'(£2).

Assume that (un, K,) € A(gn) satisfy the following global stability condition: for every (v,I") €

Algn),
IVun|? + eHp (Kn) < [[Vol* + eHL(I) + CH (I Ky)
and assume further that

K, —- K in the Hausdorff metric

Vu, — Vu  weakly in L*(£2;R?)
for some (u,K) € A(g). Then (u,K) is a globally stable configuration, that is that, for every
(v, I') € Alg),
IVull® + eHp (K) < [Vol|* + ¢Hp(I) + Hp (I K).
In order to prove Theorem 3.1, we need two geometric results concerning the blow-up behavior
of sets in the family Kf(R2) of compact connected sets in R? with finite length.

Theorem 3.2. Let K € IC{(RQ). The following items hold true.
(a) K is countably-H* rectifiable with

K =FKoU | (),
n=1
where I, C R is an open interval, v, : I, — R? are Lipschitz curves and H'(Ky) = 0.
Further, there exists N C K with H*(N) = 0 such that, for every x ¢ N, K admits an
approximate tangent line l, at x with normal v,.
(b) Take x € K\ N. Then forr — 0T
K-z

(3.1) Ky, = T ly locally in the Hausdorff metric.
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(c) There exists Ny C K with N C Ny and H'(Ny) = 0 such that the following property holds.
Take © € K\ Ny1. Then, for every € > 0, there exists ro > 0 such that for every r < rg
the rectangles

R, =Q, (z,r)N{yeR?: (y—x) v, >er}
and

R;r = Qum(z,r) N {y € R2 : (y - I) Uy < 757"}
belong to different connected components of @, (x,r)\ K.

Proof. The rectifiability property of point (a) is proved in [13, Lemma 3.13]. From the general
theory of rectifiable sets, we know that K admits an approximate tangent line I, at H'-a.e. z € K;
see [2, Theorem 2.83].

Now for point (b). Up to an isometry, we may assume xz = 0 and that the approximate tangent
line [ is horizontal. Then, by the very definition of an approximate tangent line,

(3.2) HU K, > HY L locally weakly* in M,(R?),

as r — 0T, where K, := LK.
We claim that, for every R > 0,

(3.3) K, NQ(,R) = 1NQ(0,R) in the Hausdorff metric.

Indeed, given any sequence r, — 0, the compactness of Hausdorff convergence and a diagonal
argument imply the existence of a subsequence (7, Jren such that for every m € N, m > 1

K, N Q0,m) — K" in the Hausdorff metric.

It is readily checked that, for every m > 1,

(3.4) K C K™ and  KP'nQ0,m) = K nQ(0,m).
Set Ko :=,-_, K. We claim that
(3.5) Ko—1.

First, Ko C [. Indeed, assume by contradiction that £ € Ko \ [ with B, (&) Nl = for some 1 > 0.
Using the measure convergence (3.2), we obtain that

(3.6) HY(K,, NB,&)—D0.

Tny,

But K, is connected by arcs (see [13, Lemma 3.12]), so that, taking &,, € K,, such that
&, — &, &p,, 1s connected to 0 through an arc contained in Krnh so, for h large enough,

Hl(KTnh mgn/Z(gnh)) > 77/4-

Thus
liminf H' (K, 0 By(&)) > liminf H' (K, 0 Bya(8n,)) > 0/4,

in contradiction with (3.6).

Conversely, | C Kj. Indeed, assume by contradiction that £ € [\ Ky. Then there exists n > 0
such that K,, N B,({) =0 for h large, against (3.2).

In view of (3.4) and (3.5) we deduce that for ¢ — 0 and for every R > 0

K,.NQ(,R) = 1NQ(0,R) in the Hausdorff metric,

that is (3.3). This means that the local convergence of (3.1) holds true, and point (b) is proved.
Let us come to point (c).
Notice that we can reparametrize each Lipschitz curve ~, by arc length. As a consequence, we
may assume that for a.e. t € I,

(3.7) vy is differentiable at ¢ with |, (¢)] = 1.
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FIGURE 1. Illustration of item (c) in Theorem 3.2; the thick curve is v, ([—3/2, 3/2]).

From point (a), we deduce that there exists N; C K with #!(N;) = 0, N C N; and such that if
x € K\ Ny, then x = 7,,(t) for some n, with ¢y satisfying (3.7). It is not restrictive to assume
that o = 0 with a horizontal tangent line [, and that ¢, = 0. By differentiability, for r — 0%,

(3.8) v (8) == %'y"(rs) — 7 (0)s locally uniformly in s € R.
In view of (3.1), 7/,(0) is horizontal, and we can assume that ~,,(0) = (1,0).
Let € > 0. Because of (3.8) and since

(=3/2) = (=3/2,0)  and  ;(3/2) = (3/2,0),

we infer that, for  small enough, the (connected) arc v, ([—3/2,3/2]) satisfies
1 ([=3/2,3/2]) C {(21,22) € R? : |2a] <&}
and that Q(0,1) \ v/ ([-3/2,3/2]) is disconnected. We deduce that the open rectangles
RT :=Q(0,1) N {(x1,22) €R? : 29 > ¢}

and

R; = Q(O, 1) N {(:cl,xg) € R? : To < *6}
belong to different connected components of Q(0,1)\ £ K. The conclusion of point (c) now follows
by rescaling. g

The following result shows that the topological property of point (¢) of Theorem 3.2 is essentially
stable under Hausdorff convergence. We will need this property for our topological version of the
jump transfer.

Proposition 3.3. Let (K, )nen be a sequence in KI(R?) and K € KI (R2) be such that
K,—> K in the Hausdorff metric.

Let N1 C K with 7—[1(]\71) = 0 be as in Theorem 3.2. For every x & Ny and € > 0 we can find
ro > 0 and v, € R? with |v,| = 1 such that for every r < ro there exists ng € N and (K,)nen
sequence in K1 (R2) with

K,CK,,  K,\K,CQ,(z,r), HYK,\K,) <3er
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such that for n > ng the rectangles
(3.9) R, ==Q, (z,r)N{yeR?: (y—x) v, >er}
(3.10) R, =Q, (z,1)N{y € R? : ) v < —er}

(y—z
belong to different connected components of Q,, (z,r)\ K,.

=4 va (’JI, T)

FIGURE 2. Construction of Kn in Proposition 3.3.

Proof. In view of Theorem 3.2, for every x ¢ N; points (b) and (c) hold true.
Let us fix ¢ Ny and € > 0, and let o > 0 and v, € R? be associated to x according to point
(c) of Theorem 3.2. Up to a roto-translation, we may assume
x =0, v, = (0,1), I, = {x = (x1,22) : 2o =0}.
Notice that, in view of item (b) in Theorem 3.2, we may also assume that

K\@(()?’f‘o) # @
Since K, — K in the Hausdorff metric, from the corresponding property of K we deduce that
there exists ng > 0 such that for every n > ng

(3.11) K,NQ0,r) C {(z1,12) € R? : |zo| < er}
and
(3.12) Ky \ Q(0,m9) # 0.

Let 2z, € K, \ Q(0,70).

Since K, is connected by arcs, given z € K, NQ(0,r), we can find an arc contained in K, with
extremes x and z,. In view of (3.11), (3.12), this arc has to intersect either S;~ or S, where S
are the vertical segments

S*E = {47} x [—er,er].
Modulo reparameterization, we thus infer that there exist (at least) one arc ;. : [0,1] — R? or
one 7, : [0,1] = R? with image contained in K, N Q(0,) such that

'yir(O) =z and %fr(l) € Sf.
Let us consider the intervals contained in [—r, r] given by

Jor= U  mO.(01) ad J= ) mOL(01]),
€K ,NQ(0,r) 2€K,NQ(0,r)
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obtained by projecting the curves constructed above onto the horizontal axis.
We claim that we can find o € JQfT such that

(3.13) |t — | — 0.

n

If this is the case, since by definition there exists
U = (a5 87) € Kn N Q(O,7),
we then define K, to be (see Figure 2)
K, =K,U [Wr >y s
where [y;,,y;"] is the segment joining y;,, and y,}. In view of (3.11), we have

limsup H' ([y,, , y;1]) < 2re.
n—oo

Finally, since
v (0.1 Ul Ut (0,1]) € Ko,

we deduce that K, € IC{ (R?) satisfy the conclusion of the Theorem.
Let us prove claim (3.13). If the relation is not satisfied, we get for n large

ian;:T—supJ;TZn>0.

Since K,, — K in the Hausdorff metric, we would infer that the projection of K NQ(0,7) onto the
horizontal axis is composed of two distinct intervals contained in [—r, 7], against the fact that K
disconnects Q(0,r). The proof is now concluded. O

Remark 3.4. Let 2 C R? be open bounded and with a Lipschitz boundary. Assume that the
sets K, K of Proposition 3.3 are such that K,,, K C 2. Notice that, for H'-a.e. z € K N 942,
the tangent lines to K and 042 at the point = coincide, so that the topological blow-up properties
of Theorem 3.2 at the point x hold simultanously for K and 2. Consequently, the proof of
Proposition 3.3 shows that Kn can be chosen such that in addition Kn C 0.

We can now prove Theorem 3.1.

Proof of Theorem 3.1. The global stability we need to prove can be rewritten in the form
IVull® + eHL (K \ I) < [Vol|* + (e + )HL (I \ K),

for every (v,I") € A(g) (see the computations in Section 2).
We divide the proof into two steps.

Step 1. Let us assume that K € IC{ (2). Thanks to [11, Lemma 3.6], there exists H,, € IC{c (2)
with K,, C H,,,

(3.14) HY(H,\ K,) =0 and H, - K in the Hausdorff metric.

We need to introduce the connected sets H,, because it might be so that, although K is connected,
the K,, might not be since they are only restricted to be elements of K/, (£2).

Let V C R? be open with I' C V. Let then U € V be open with U ¢ V and I'N K C U. Let
also € > 0 be fixed.

Note that, for H'-a.e. x € I' N K, the tangent lines to I" and K at the point 2 coincide. We
can thus find N C I' N K with H!(N) = 0 and such that for x € (I'N K) \ N the conclusions of
point (c¢) in Theorem 3.2 hold true with respect to both K and I" simultaneously.

For x € (' N K)\ N, let ro(x) > 0 and v, € R? be given by Proposition 3.3. We may assume
in addition that

Qu, (z,m9(x)) CU
and also, thanks to e.g. [2, Theorem 2.83 (i)], that, for every r < rq(x),

(3.15) (1—e)r <HYQ,,(z,”)N(KNT)) < (1+e)r
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FIGURE 3. Setting the geometry for the proof of Theorem 3.1.

By the Vitali-Besicovitch lemma (see e.g. [2, Theorem 2.19]) we can find a finite number of disjoint
such squares {Q,,j(zj’rj)}jzl,m,m with x; € KN T, vj = vy, rj <7ro(x;), such that

(3.16) HU | (KNT)\ G Qu,(zj,r5) | <e.

Jj=1

It is no restriction to assume that either Q,,(z;,7;) CC 2 or x; € 992, with 02N Q,, (z;,75)
given by the graph of a Lipschitz function with respect to a reference frame with v; as vertical
direction.

We modify H,, in each square according to Proposition 3.3 and Remark 3.4 and find H,, € IC{ ()
with H,, C I:In, such that for n large

_FAIn = Hn outside U Quj (xjarj)a

i=1

and

(3.17) ’HI(I:In\Hn) < 3521%.

i=1
Moreover, we can assume that the rectangles R;E associated to Q,, (z;,7;) according to (3.9) and
(3.10) belong to different connected components Aji’n of Qu,(wj,75) \ H,,. Let us denote by
(3.18) v € HY(Qu, (x5,75))

the extension of vLR}t obtained through a reflection across the line ., 4 erv;: notice that the
Sobolev regularity of vj-t is ensured because, by construction,

IrnQy,(zj,r) C{x eR? . |(w —xj) - vj| <er}.
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Let us set
L= (P\UJL, Qu (25,75) ) UGS T
(3.19) with
Iy = (Hn ﬂ@uj(l“jﬂ“j)) U (0Qu, (z5,15) N{l(y — ;) -vj| <ers}n ).

FIGURE 4. The sets I}, defined in (3.19).

Notice that I, € K{ (£2). Moreover thanks to (3.15), (3.16), (3.17),

(3.20) Hp(In\Ky) < HL(Ln\ Hy) +H (Ho \ Hy) + H (H, \ Ko)

<HL | T\ Y Qu,(aj.r)) | + 7> v+ H (Hp \ Ky)

=1 =1

<HH(D\K) + e+ Te——H () +H' (H, \ K,),

1
1-¢
and, since I, CV,

Hp (K \ 1) > Hp (K \ V).
Let us define v,, as follows:

(a) v, = v outside U;nzl QVJ_ (%‘,Tj);

vl in AT, . . +
(b) v, a ) 7™ in each cube Q,, (z;,7;) CC {2 where the functions v;~ were defined
v, else '
J
in (3.18);

v in A7
(c) vp:=¢ 7 7™ in each boundary cube Q,,(x;,7;) (that is those with x; € 012).
g  otherwise.
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Remark that, by construction, (vy, I,) € A(g). Moreover,

|VU\2dx+Z/ IVg|? da

:EJ rj)N2

B21) [Venl? < ||Vv||2+22 -/

V (z5,m5)N

g||w||2+2/ 7|Vv|2dx+/ Vgl? da.
Uung?

Uunge

Let us compare (un, K,) to (vn—g + gn, In) € A(gn). Since

||VunH2 + CHlD(Kn \I%) < |[Vv,—Vg + VQnHQ +(c+ C/)HlD(Fn \ K»)
= vanll2 + (c+ C/)H}D(Fn \ K») + en,

where
lenl < [V0alllVgn = Vall +IVgn = VglI* =0,
we infer in view of (3.20)-(3.21) that

IVunll? + A (Ko \ V) < [V +2 /

|Vv|2dx—|—/ |Vg|? dz + e,
Une

unyn

+ (c+¢) [7—[}3 (M\EK) 4+ Teg i€H1(F) +7—L1(Hn\Kn)} .

Passing to the limit, we obtain, thanks to Golab’s Theorem and to (3.14),
IVull* + Hp (K A\ V) < [[Vo]* + (e + ) Hp(I'\ K)

7
c Hl(m] +2/ 7|Vv|2dx+/ |V da.
Uung2 Uung2

+(c+ ) {s+1

Since V', U and ¢ are arbitrary, we conclude that
IVul* + Hp (K N\ ) < [[Vol|* + (c+ )Hp (I \ K),
so that the minimality condition follows.

Step 2. Let us consider the general case K € K, (2). If K',... K” with p < m are the connected
components of K, thanks to [11, Lemma 3.6] we can find H,, € K/ (£2) with exactly p connected
components H} ... HP such that K, C H,,

(3.22) HI - KJ in the Hausdorff metric

and
HY(H, \ K,) — 0.

Since the K7 are compact and disjoint, and

p
rnk = J(rnkv)
j=1

we can operate on each I'NK7 as in Step 1 using the approximation (3.22) and localizing on disjoint
neighborhoods U; of I'N K. The modifications of I" and v which take place on the family of squares
contained in U; are independent from those taking place in the squares contained in U; with ¢ # 7,
so that we can glue them together to get an approximating configuration (v, —g+gn, In) € A(gn)
and deduce as in Step 1 the global minimality of (u, K). O
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4. EXISTENCE OF A QUASI-STATIC EVOLUTION
In this section we derive the main result of the paper.

Theorem 4.1 (Existence of a quasi-static evolution). Let 2 C R? be open, bounded, with
Lipschitz boundary, and let Opf2 C 02 be open in the relative topology. Assume (2.3) and let
g € AC([0,T); H*(£2)) be such that

(4.1) sup |[g(t)loc < +o00.
t€[0,T]

Let finally (uo, Ko) € A(g(0)) be a globally stable configuration (i.e., satisfying property (2.4)).
Then there exists a quasi-static evolution {t — (u(t), K(t)) : t € [0,T]} in the sense of Defini-
tion 2.8 such that (u(0), K(0)) = (ug, Ko).

Remark 4.2. The existence of at least one globally stable initial configuration (ug, Ko) € A(g(0))
is straightforward. It is enough to minimize £(v,I") over A(g(0)) following e.g. an argument
identical to that expounded in the proof of Lemma 4.3 below.

As usual, the existence of a quasi-static evolution is obtained by time discretization, establishing
the existence of a discrete in time evolution through the direct method of the Calculus of Variations,
then studying its limit as the time-step discretization parameter vanishes.

Let 6 > 0 be given, and let

O=t)<ty < <ty, =T
be a subdivision of the time interval [0,T] with

s 5
max (ti —t7) < 0.
We set
g2 = g(t9) and (ul, K3) = (uo, Ko).
The following lemma deals with the existence of incremental configurations.
Lemma 4.3 (Incremental configurations). Assume (2.3) and (4.1). Then fori=1,..., N;
there exists (ud, K?) € A(g?) with ||u]loo < 199 |lcc, (ud, K§) = (uo, Ko) such that
(uf, K7) € Argmin{€ (v, I') + (e1 — ) Hp(I\ K1) : (0.1) € A(g])}-

Proof. We proceed by induction, assuming that (u‘f_l, Kf_l) has been constructed, and showing

the existence of (ul, K?).
Set
Fo(u,T) :=EW,T) + (c1 — ) Hp(D\ K7 )).
and let {(v,, I'w) }nen be a minimizing sequence for F? on A(g?), that is

I = inf FP < Fd(vn, [) < I+ 1/n.
A(g?)

By truncation, it is not restrictive to assume
5
[vnlloo < 1195 lloo-
Comparing with the admissible configuration (g?,0) we get
E (W, In) + (1 — ) Hp (I \ K1) < [Vl
As a consequence, up to a subsequence we may assume
(Vop,vp) = (9, 0) weakly in L%(£2;R?)

and
I, = I' in the Hausdorff metric.

Thanks to Gotab’s Theorem 1.2, we infer I' € IC}”(Q), and, by Lemma 2.1, we deduce that
(v,I") € A(g?), with ® = Vv on 2\ I'. In particular

Vu, — Vv, weakly in L*(2;R?).
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Moreover, in view of Lemma 1.4
HH(D) <liminf HH(,)  and  HL(T\ K2_;) <liminf Hh (1, \ K2 ,),

so that
F,I)=1I.
The thesis follows by setting (u, K?) := (v, I).

For t <t <t ,,i=0,...,N;, we set

(4.2) W (t) = ul, ¢°(t) :=¢° and K°(t) := K?.
We denote by i°(t) the index such that tfé(t) <t< tfé(t)H.

The following properties follow directly from the construction of the incremental configurations.

Lemma 4.4. For every t € [0,T] the following items hold true:
(a) (u®(0), K°(0)) = (uo, Ko).
(b) The pair (u®(t), K°(t)) € A(g°(t)) satisfies the global stability condition (2.4).
(c) Setting

i (t)
(4.3) Diss’(t) := (c1 — c2) Y Hp(KI\ KJ_)),
j=1
we have the energy inequality
8
(4.4) E(O (1), K°(t)) + Diss®(t) < &(uo, Ko) + 2/ / Vul (1) - V(7)) dadr + e(6)
0o Jo

where e(6) — 0 as § — 0.

Proof. Point (a) follows since (u®(0), K°(0)) = (ud, K3) = (uo, Ko).
On to point (b). By construction, for every i = 1,..., N5 and (v, I') € A(g?9),

E(uf, K7) + (c1 — e2)Hp (K] \ K1) < E(v, 1) + (e1 — e2)Hp(I'\ K7 y).
Since
Hp(I\ K1) S Hp(D\ K7) + Hp (K] \ K{_y),
we deduce
E(u, K7) < E(v, 1) + (e — ey Hp (I \ K7)
from which the global stability condition (2.4) follows.

Let us come to point (c¢). In view of Lemma 4.3 we may write, for every i = 1,..., Ny,

E(u, K7) + (e1 — ea)Hp (K7 \ KJ ) < E(uf_y +97 — 971, K7_y)

t? ¢
<E(ul | KP,) 42 / / Vad () - Vi(r) dedr+ (£ — 1)) / IVg(r)|? dr.
2, J0 2,

Tterating this estimate we obtain for every ¢ € [0, 7]

i°(t) t?
WS (1), KO (8) + (1 —ea) S Hb (KO KP_,) gs(uo,Ko)+2/o /Qvué(r)-vg(f) da dr+e(5)

with e(0) — 0 as § — 0, which is precisely (4.4). O

In order to pass to the continuous in time evolution, we need the following bounds.
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Lemma 4.5 (A priori bounds). Let {t — (u°(t), K°(t)) : t € [0,T]} be the discrete-in-time
evolution given by (4.2). There exists C' > 0 independent of & such that, for everyt € [0, T,

(4.5) [V ()] + [[u’ ()]l oo + Hp(E(t) + 2°(t) < C,
where

i°(¢)
(4.6) Ot) =Y Hp(KIAK) ).

Proof. Since by construction and global minimality
(4.7) IV’ O < IVe°@)Il and  [[u’()loo < [19°(1)l|oos
we deduce from (4.4) that

i%(t)
(4.8) Hp(KO () + Y Hp(K)\K]_;) <C

j=1
for some Oy > 0. Since HL(B\ A) — HL(A\ B) = HL(B) — HL(A),
i°(t) i (t)
Y H(KJ\K] 1) =Y HL(K] \K]) = Hp(K°(1)) - Hp(Ko),
j=1

j=1
we also obtain from (4.8) that

i (t)
(4.9) > HBK)_ \K)) < Cy
j=1

for some Cz > 0. The conclusion follows gathering (4.7), (4.8) and (4.9). O
A crucial step in the § \, O-analysis is the following

Proposition 4.6 (Compactness of the cracks). There exist a sequence 6, — 0 and a map
{t = K(t) € KI,(2) : t €[0,T]} such that, if

K,(t) :== K% (t), t €[0,T),
then, for every t € [0,T], any limit point H of (K, (t))nen in the Hausdorff metric is such that
HEL(HAK(t)) = 0.
Proof. Let 8,, — 0 be such that
2y =2 o 2 pointwise on [0, T7,

where 29 is given in (4.6) and z : [0,7] — R is a suitable increasing function. The existence of
(0n)nen is a consequence of the bound (4.5) and of Helly’s theorem.

Let D C [0,7] be a countable and dense set containing 0 and the discontinuity points of the
function z. Up to a further subsequence (that we will not relabel), we may assume, in view of
the compactness of Hausdorfl metric and of the bound (4.5), that for every ¢ € D there exists
K(t) € KI,(£2) such that

K, (t) — K(t) in the Hausdorff metric.
Let now s € D, and let H be a limit point of the sequence (K, (s))nen, that is
K, (s)— H in the Hausdorff metric
for a suitable subsequence (ny)ren. By the definition of z,, for every t < s and ¢t € D,
Hp (K (8)AK, (1) < 20 (5) = 20, (8).
Sending k — +oo and using Lemma 1.4 we obtain

Hp(HAK(1)) < 2(s) — 2(1).
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Let now t; s with ¢, € D and such that

K(ty) = K(s) in the Hausdorff metric.
Recalling that s is a continuity point for z, we infer (using again Lemma 1.4) that
(4.10) HL(HAK (s)) = 0.

Since (tx)ren is arbitrary, we deduce that any limit point K (s) of the family {K(t) : t € D} for
t — s~ satisfies (4.10). The proof now follows by choosing K (s) as one on these limit points. O

Remark 4.7. Let H,K € KJ,(£2) be such that
(4.11) HL(KAH) = 0.
Then,
(i) K and H differ by at most m points on 2 U dp (2;
(ii) If (v, H) € A(g), then also (v, K) € A(g).
Indeed let H; be a connected component of H which contains a point x not in K. Since Hj is
connected by arcs, (4.11) implies that H; reduces to the point x which proves point (i).
As far as point (ii) is concerned, we know that (Vuv,v) can be interpreted as an element of

L2(2;R3). Let us first check that v € W12(2\ K) with gradient on 2\ K given by Vv. We can
proceed locally near every point x € 2\ K.

(a) If z ¢ H, since u € WH2(2\ H) we deduce u € WH2(B(z,r)) for some r > 0 small
enough, with gradient given by V.

(b) If x € H, then, according to point (i), the connected component H; of H that contains z
reduces to the point x. From u € W2(£2\ H) we then deduce that for some r > 0 small
enough

ue Wh(B(z,r)\ Hy) = Wh2(B(a,r) \ {z}) = WH*(B(z, 7)),
with gradient given by Vv.
Concerning the boundary condition, since © = g on dpf2 \ H in the sense of traces, (4.11) then
entails that the equality also holds true on dpf2\ K. We thus conclude that (u, K) € A(g).

We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. Let 6,, — 0 and {t — K(t) : t € [0,T]} be given by Proposition 4.6. Set
(U (t), Ky (1)) := (ud(t), K°(t)) and Dissy(t) := Diss’ (t).
Up to a further subsequence, the a priori bounds of Lemma 4.5, imply that
(4.12) Diss,, - D pointwise on [0, 7]
for some increasing function D : [0, 7] — [0, +oo].
For every t € [0,7] take u(t) € H'(£2\ K(t)) to be a minimizer of
min [ Vol2.
(v,K(t))€A(g(t))

By strict convexity, Vu(t) is uniquely determined by K(t) and g¢(t), while u(t) is well defined up
to a constant on the connected components of 2\ K (¢) which do not touch dp{2.
‘We now prove that
{t — (u(t),K(t)) : t€[0,T]}
is a quasi-static evolution for the boundary displacement g such that (u(0),K(0)) = (ug, Ko)
according to Definition 2.3.

Step 1: Global stability. Let us check that, for every ¢t € [0,T], the pair (u(t), K(t)) satisfies
the global stability condition (2.4), which reads

(4.13) IVu(®)|? + exHp (K (2) < [|Vol* + eHp () + (er — e2)Hp (I \ K (1))
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In view of the bound (4.5), by Lemma 2.1 and by the compactness of the Hausdorff convergence,
we may assume that, up to a subsequence,

K,(t) = H € K/, (2) in the Hausdorff metric
and

(Vg (t), un(t)) = (Vu,u) weakly in L?(£2;R?)
for some (u, H) € A(g(t)).

From item (b) in Lemma 4.4 and Theorem 3.1 we infer that (u, H) satisfies the global stability
condition

(4.14) [Vul|* + caHp (H) < [[Vol|? + eaHp (D) + (e1 — e2)Hp (I \ H)
for every (v,I") € A(g(t)). Note that, by Proposition 4.6,
WL (HAK(1)) =

Then Remark 4.7 implies that (u, K(t)) € A(g(t)), so that the minimality property (4.14) becomes
[Vl + caHp (K (1) < [[Voll? + eaHp (D) + (e1 — e2)Hp (I \ K (1))
for every (v, I") € A(g(t)). Comparing with the admissible configuration (u(t), K(t)) yields
IVull® < [Vu(t)]?,

so that, by the very definition of u(t), we get Vu(t) = Vu and conclude that (4.13) is satisfied.
From the arguments above, passing to subsequences is not necessary and we infer that

(4.15) Vo, (t) = Vu(t) weakly in L%(£2;R?)
for every ¢ € [0,T].

Step 2: Energy balance. Let us first prove that, for every ¢ € [0, T,
(4.16) Diss(t) < D(t).

Indeed, for every 0 = s < 1 < --+ < Sgp1 = ¢,

k
(4.17) (e1 — ¢ Z?—L w(sh1) \ Kn(sp)) < Dissy(t).
h=

According to Proposition 4.6, up to a further subsequence, we have that
K,(s;) = H(s;) in the Hausdorff metric

with

(4.18) Hp(H(sj))AK(s;)) = 0.

Then, with the help of Lemma 1.4 and of (4.18) we pass to the limit in (4.17) and obtain, in view
of (4.12),

k
(c1—c2 Z K(snht1) \ K(sn)) < D(t),

from which (4.16) easily follows.
Thanks to (4.15),(4.16) and to Golab’s Theorem, we can pass to the limit in the discrete energy
inequality (4.4) and obtain

t
(4.19) E(u(t), K(t)) + Diss(t) < E(uo, Ko) + 2/ / Vu(r) - Vg(r) dxdr.
0 J
The opposite inequality in (4.19) holds true, thanks to a by now standard Riemann sum argu-
ment (see [10, Section 4.4]). In a nutshell, the argument consists in choosing a specific sequence

of partitions {s} }i—o,... k(n) With k(n) /oo of the interval [0,¢] such that the Riemann sums

k(n)—

Z / /Vu si1) - 9(s) dxds
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/Ot /Q Vu(s) - g(s) dxds.

Then one writes the minimality condition for (u(s}'), K(s")) € A(g(s})) established in Step 1,
tested against (u(sj, ;) —g(si 1) +9(s}), K(sf,)) € A(g(s}')) and adds all resulting contributions
for i =0,...,k(n) — 1; see [10, Section 4.4] for the details.

The energy balance

do converge to

¢
E(u(t), K(t)) + Diss(t) = E(uog, Ko) + 2/ / Vu(r) - Vg(r) dedr
0 Jo
follows. We conclude that t — (u(t), K(t)) is a quasi-static evolution. The proof is complete. [

Remark 4.8 (Improved convergences). The proof of Theorem 4.1 shows that, for every t €
[0,T7],

(4.20) Vo, (t) = Vu(t) strongly in L?(£2; R?),
(4.21) Hp(Kn(t) = Hp(K(1))
and

Diss,, (t) — Diss(t).
Indeed from the arguments of Step 2 and (4.4) we have

E(uo, Ko) + 2/0 /Q Vu(r) - V§(r) dedr = E(u(t), K(t)) + Diss(t)
< linhinf [€(un(t), Kpn(t)) + Dissy(t)] < limsup [E(un(t), Kn(t)) + Dissy(t)]

n

t
< lim sup |:€(UO,K0) +/ / Vuy(7) - Vg(7) dedr + e(dn)] = E(up, Ko)+
n 0 J

2/0t/I2VU(T) -Vg(r) dedr

from which
lim [E(uy, (t), Kn(t)) + Dissn(t)] = E(u(t), K(t)) + Diss(t).

n

We thus deduce that
lHm & (un (t), Kn(t)) = E(u(t), K(t)) and lim Diss, (t) = Diss(t),

and the first convergence entails immediately (4.20) and (4.21).

Remark 4.9 (The connected case). In the connected case, loss of Hausdorff convergence only
takes place at healing times, i.e., when K (t) reduces to a point (or is the empty set) on £2Udp (2.
Indeed, assume the existence of two different subsequences K, (t), K5, (t), with

K,, (t) — Hy in the Hausdorff metric
and

K, (t) — Ho in the Hausdorff metric
with Hy # Hs. Since, in view of Proposition 4.6,

Hp(H1AK(t) = Hp(HL AK (1)) =0,

it must be that H:(H;AHz) = 0.

According to point (i) in Remark 4.7, those two sets, which are connected, must then reduce
to at most a single point on 2UJdps2. Since K (t) is also connected, it in turn reduces to at most
a single point on 2 U Jpf2.

Finally, taking into account Remark 4.8, at such a time,

Hp(Kn(t)) = 0
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because HL (K (t)) = 0. So, if Hausdorff convergence does not take place at time ¢, the approxi-
mating cracks are actually vanishing in length.

The argument fails if m > 1. In that case, using similar arguments, we can merely assert the
existence of a subsequence of K, (t) such that one of its connected component heals in the limit,
which is not much....

5. THE CASE OF TWO-DIMENSIONAL ELASTICITY.

In this section, we show how to modify the previous arguments in the case of linearized 2d-
elasticity.

Admissible configurations. Let the reference configuration be an open bounded set 2 C R?
with Lipschitz boundary, while we consider H'(§2;R?) as the the class of admissible boundary
displacements.
Given 0pf2 C 042 open in the relative topology, we say that the pair (u, K) is an admissible
configuration for the boundary displacement g € H*(2; R?) if
K e Kl () and u e £2(2\ K) withu = g on dp2 \ K,

where m > 1 is a fixed number, and K, (£2) is given in (2.1). We will write (u, K) € A(g). The
pair (u,e(u)) can be thought of as an element of Li (£2;R?) x L?(£2;MZ,,) since K has null
Lebesgue measure.

Remark 5.1. Let (u,K) € A(g), and let H € K[, (£2) be such that H5(KAH) = 0. Then
(u, H) € A(g). The proof follows precisely that in Remark 4.7: indeed the local arguments can be
reproduced because, in view of Korn’s inequality, elements of %2 (§2 \ K) are locally in H'!.

The following compactness result plays the role of Lemma 2.1 in our context.

Lemma 5.2. Let g,,g € H'(2;R?) be such that
Gn —> g strongly in H'(2;R?).
Assume that (up, K,) € A(g,) with
e(un) = @ weakly in L?(2; M2, ),

sym
and
K,—> K in the Hausdorff metric.

Then there exists (u, K) € A(g) such that ® = e(u) on 2\ K.
Proof. Let A be a connected component of 2\ K, and let B CC A be a disk. Consider

%:z{ve,"ﬁ?(()\K):Av-rdx:O VrER}

where R is the set of infinitesimally rigid motions, i.e.,
R:={Az+b: AcM%,,  becR?.

skew>
Define 4, to be the L?(B)-orthogonal projection of u, onto %Z; clearly e(i,) = e(u,).
Since K, Hausdorff-converges to K, any open Lipschitz connected subdomain G compactly
embedded in A and containing B is also included, for n large enough, in 2\ K,,. Thus, according
to Korn’s inequality, 4, € H'(G;R?) and there exists Cg g > 0 such that

ldnllL2cr2) < Ca,slle(un)llL2Gmz,,,) < C,
for some C depending on G, B, hence, up to a subsequence,
T, — ug, weakly in H'(G;R?)
with
(5.1) e(ug) = ®.
But ug also belongs to #Z. In view of (5.1), it is thus uniquely defined so that the whole sequence
i, converges to ug weakly in H'(G;R?) hence strongly in L?(G;R?). Then taking G to be an
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increasing sequence of Lipschitz connected open sets with union A, we immediately conclude that
ug = u independent of G with u € L _(A4;R?) and e(u) = ®. Since A is an arbitrary connected

loc

component of 2\ K, we infer that u € £2(2\ K).
The proof that u = g on 9p 2\ K is identical to that in Lemma 2.1 upon renewed use of Korn’s
inequality. U

Quasi-static evolutions. Let the Hooke’s law be given by an element C € L*°(£2; L,(MZ2,,,))

such that

(5.2) a1|M|* < C(z)M - M < ay|M|? for every M € MZ,

with a1, as > 0. Here - denotes the standard Frobenius matrix inner product.
We associate to an admissible configuration (u, K) the elastic energy

1
Qe(u) = 5 /Q(C(@e(u)(x) ~e(u)(x) dr.
As in Section 2, let T > 0 and g € AC([0,T); H'(£2;R?)) be a given time dependent boundary
displacement, and let
(53) cL>c >0

be two given constants. In analogy with the scalar case (see Definition 2.3), we define a quasi-static
evolution in the case of linearized elasticity as follows.

Definition 5.3 (Quasi-static evolution). We say that {t — (u(t), K(t)) € A(g(t)),t € [0,T]}
is a quasi-static evolution provided that for every t € [0,T] the following items hold true.

(a) GLOBAL STABILITY. For every (v,I") € A(g(t))
E(u(t), K(t)) < E(v,I') + (1 — e2)Hp(I'\ K (1)),
where, for (u, K) € A(g),
E(u, K) := Qe(u)) + coH b (K).
(b) ENERGY BALANCE. We have

E(u(t), K(t)) + Diss(t) = E(u(0), K(0)) + /0 /Q Ce(u(r)) - e(g(7)) dx dr,

where

Diss(t) := (¢1 — ¢c2) sup {ZHlD(K(siH) \NK(8:) : 0=80<8$1 < - < 8pp1 = t} .
=0

Existence of quasi-static evolutions. The main result of the Section is the following

Theorem 5.4 (Existence of a quasi-static evolution for 2d-elasticity). Let 2 C R? be
an open, bounded Lipschitz domain and Opf2 C 0f2 be open in the relative topology. Let g €
AC([0,T); HY(2;R?)) and assume (5.2) and (5.3) hold true. Let finally (ug, Ko) € A(g(0)) be a
globally stable configuration (i.e., satisfying property (2.4)).

Then, there exists a quasi-static evolution {t — (u(t), K(t)) : t € [0,T]} in the sense of Defini-
tion 5.3 such that (u(0), K(0)) = (ug, Ko).

Proof. We proceed as in Section 4 by constructing incremental configurations (ul, K?) € A(g?).
We consider

(5.4) (u, K?) € Argmin{E(v,I") + (c1 — e2)HH(I'\ K2 ) : (v, ) € A(g?)}.

The variational problems are well posed thanks to Lemma 5.2 and to Golab Theorem.
Interpolating in time, we obtain the discrete in time evolution

{t — (W(t), K°(t) : t € [0,T]}
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such that, defining Diss® as in (4.3),

t6
E(u (), K3 (1)) + Diss’ (t) < & (uo, Ko) / / Ce(u (@(7)) da dr + €(5)
with e(d) — 0 as 6 — 0. In view of (5.2), this inequality yields the uniform bound

lle(u® ()| +Hp (K (1) + 2°(t) < C,

where 29 is defined as in (4.6).

Thanks to Lemma 5.2, the proof is now completely analogous to that of Theorem 4.1, provided
that we adapt Theorem 3.1 to our context.

Specifically, it suffices to prove the following. Let ¢,¢’ > 0, and let g,,,g € H'(§2;R?) be such
that

gn — g strongly in H'(£2;R?).
Assume that (u,, K,,) € A(gy,) satisfy the following global stability condition: for every (v,I") €
A(gn),
Qe(un)) + cHp(Kn) < Q(e(v)) + cHp(I) + Hp (I Kn)

and assume further that

K,—- K in the Hausdorff metric

e(un) — e(u) weakly in L?(£2; ngm)
for some (u,K) € A(g). Then (u, K) is a globally stable configuration, that is that, for every
(v, I") € Alg),
(5.5) Q(e(u) + cHp(K) < Q(e(v)) + cHp(I') + CHp(I'\ K).
Notice that, in view of [8, Theorem 1], there exists v, € H(£2\ I'; R?) with v, = g on dp2 and
such that

e(vm) — e(v) strongly in L*($2; Mfym)

As a consequence, it is sufficient to establish (5.5) in the case (v,I") € A(g) with
(5.6) ve HY N\ I';R?).

This is a great simplification, since we can employ the same construction as that in the proof of
Theorem 3.1 working on each component.

Specifically, if v := (v, v?), we fix the neighborhood U,V,e as in Step 1 of the proof of Theorem
3.1, and construct the associated I,, v}, v2 (approximations of the scalar functions v*,v?). The
crumal estimate (3.21) now reads as follows (we can estimate in the squares the Symmetrlzed

gradient by the full gradient thanks to (5.6))

Qle(vn)) < Q(e(v))+2a2z/ IVo|? dx+a22/ Vol da

j(mj,rj)ﬁﬂ :EJ e

< Q(e(v)) + 20 /

Vol [ |VgPda,
ung?

Ung
where ay is the coercivity constant in (5.2). Comparing (u,, K,,) with (v, — g+ gn, In) € A(gn)
and using the previous inequality we deduce that

Qle(u)) + cHH(K\ V) < Qe(v)) + (c+ YHH(I'\ K)

1(r)] +2a2/ 7|Vv|2dx+a2/ _|Vg]*da,
ung? 2

Uun

+(c+ ) |:E
so that the global stability follows since V', U and € are arbitrary. O

Remark 5.5. Notice that even if an L°°-bound for the boundary displacement g is assumed, the
functional framework for the displacement u{ in the incremental problems (5.4) cannot reduce to
H'(£2\ K?) since truncation fails in the case of energies that depend on the symmetrized gradient.
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